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The Problem

Given an equilateral triangle, consider the straight-line segments that
divide it into two sections of equal area. The set of all such segments
constitutes the envelope of a closed, curved figure called a deltoid.

The problem is to find the ratio of the area of a deltoid to the area
of its corresponding equilateral triangle.

1



Dissecting the Envelope

What does it mean when we say that a set of lines forms the enve-
lope of a curved figure? Look closely at the above figure—try to find
the connection between the segments and the deltoid. You might
notice that each segment is tangent to the deltoid at exactly one
point. In fact, this is just what is meant by the term envelope. The
segments define the deltoid tangentially, and thus each segment
corresponds to a point on the deltoid.

The next issue that arises is how the segments define the deltoid.
To put it more precisely, given a particular segment, how do we de-
termine where exacly it is tangent to the deltoid? To answer this, we
examine the relationship between any two segments, in particular
the point at which they intersect with each other.
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Figure 1: Two segments that divide the triangle in half

First of all, note that two distinct segments always intersect. This
is a matter of simple plane geometry. If they didn’t intersect, there
would be some surface area lying between them; therefore at least
one of them simply couldn’t divide the triangle in half.
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Secondly, in Figure 1, if both a and b divide the triangle in half then
area I must equal area J . To prove this, assume that a and b do in
fact divide the triangle in half. Then,

G + I = H + J (1)
and G + J = H + I (2)

Subtracting (2) from (1) gives

I − J = J − I

I = J � (3)

Figure 2 shows simplifications of the deltoid comprised of (a) 3
segments, (b) 6 segments and (c) 9 segments. It can be seen that
the simplified deltoids are formed by the points of intersection be-
tween neighbouring segments (Neighbouring segments are those
with the minimum angle between them).

(a) (b) (c)

Figure 2: Simplifications of the deltoid

The real deltoid, however, is formed by an infinite number of seg-
ments; thus, there is an arbitrarily small angle between two segments.
To determine the point at which a segment is tangent to the deltoid,
then, we must find the intersection point of two segments as the an-
gle between them approaches zero. This leads us to the following
important (though elementary) result.
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Lemma 1

Let x be a segment that divides an equilateral triangle into 2 sec-
tions of equal area. Then the point at which x is tangent to that
triangle’s deltoid is exactly x’s midpoint.

Instead of proving this directly, we will work with a slightly more
general version to simplify the proof.

α
e

θ

f
βE

F

With angles α and β constant, and with areas E and F equal
(following (3)),

E = F

e2 sin α

2 sin(π − θ − α)
=

f2 sin β

2 sin(π − θ − β)

Taking the limit as θ approaches 0 of e
f

,

lim
θ→0

e

f
= lim

θ→0

√

sin β sin(θ + α)

sin α sin(θ + β)

= 1

Since e
f

= 1, it follows that e = f , and so the intersection point—and
thus the tangent point—is at the midpoint of the segment. �
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The Solution

D

B C

The above figure illustrates the scheme used in this solution. Note
the following properties:

Height of triangle (h) =

√
3

2

Area of triangle (A) = 3B + 3C + D =

√
3

4

Area of deltoid (D) =

√
3

4
− 3B − 3C

Ratio of D to A =

√
3

4
− 3B − 3C

√
3

4

= 1 − 4
√

3(B + C)

(4)

Looking at Figure 3, we can immediately calculate C:

C

2
=

d · f · sin π
6

2

C = d(d cos
π

6
)(

1

2
)
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Figure 3: Calculating C

By Lemma 1, d = h
2

=
√

3

4
, so

C =

√
3

4
·
√

3

4
·
√

3

2
· 1

2

=
3
√

3

64
(5)

All that’s left to do now is to calculate B; coincidentally this is the
“hard part.”

Vectors ~v and ~w will be used to denote the endpoints of segments
that are tangent to the boundary between B and D—the “bottom”
of the deltoid.

Look at Figure 4. When ‖~v‖ = 1, the corresponding segment is
tangent to the deltoid exactly in the lower left corner, and ‖~w‖ = 1

2
.

As we decrease ‖~v‖ the tangent point moves from left to right across
the bottom of the deltoid, and ‖~w‖ increases. When ‖~v‖ reaches 1

2
,

‖~w‖ = 1.
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Figure 4: The vectors ~v and ~w in relation to segments

To determine the exact relationship between ‖~v‖ and ‖~w‖, first
note that the area of the triangle formed by ~v, ~w and their corre-
sponding segment is half the area of the full triangle (by definition,
the segment divides the full triangle in half). So,

‖~v‖‖~w‖ sin π
3

2
=

(√
3

4

)

2

so ‖~v‖ =
1

2‖~w‖ and ‖~w‖ =
1

2‖~v‖ (6)

The next step is to determine the (x, y) coordinates of a point on
the bottom of the deltoid, in terms of ‖~v‖.

The segment can be represented as ~w − ~v, as in Figure 4. From
Lemma 1, the tangent point is the halfpoint of the segment, specifi-
cally 1

2
(~w − ~v). The coordinates of the tangent point are thus
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(x, y) =

(

0,

√
3

2

)

+ ~v +
1

2
(~w − ~v)

=

(

0,

√
3

2

)

+
1

2
(v1, v2) +

1

2
(w1, w2)

=

(

v1

2
+

w1

2
,

√
3

2
+

v2

2
+

w2

2

)

We know that the angle of ~v is 4π
3

, and that the angle of ~w is 5π
3

. So
we substitute as follows:

v1 = ‖~v‖ cos
4π

3
= −‖~v‖

2

v2 = ‖~v‖ sin
4π

3
= −

√
3‖~v‖
2

w1 = ‖~w‖ cos
5π

3
=

1

4‖~v‖

w2 = ‖~w‖ sin
5π

3
= −

√
3

‖~v‖

Substituting,

x = −‖~v‖
4

+
1

8‖~v‖ (7)

y =

√
3

2
−

√
3‖~v‖
4

− w2

2
(8)

Next, we solve for ‖~v‖ in terms of x using the quadratic formula.

4x =
1

2‖~v‖ − ‖~v‖ from (7)

‖~v‖2 + 4x‖~v‖ − 1

2
= 0

Applying the quadratic formula,

‖~v‖ =
−4x ±

√
16x2 + 2

2
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Checking the result with x = 0 gives ‖~v‖ = ± 1√
2
, but ‖~v‖ must be

positive so

‖~v‖ = −2x + 2

√

x2 +
1

8
(9)

Now we can solve for y in terms of x.

y =

√
3

2

(

1 − ‖~v‖
2

− 1

4‖~v‖

)

from (8)

=

√
3

2

(

1 − 2

(

−‖~v‖
4

+
1

8‖~v‖

)

− ‖~v‖
)

=

√
3

2
(1 − 2x − ‖~v‖) from (7)

=

√
3

2

(

1 − 2x −
(

−2x + 2

√

x2 +
1

8

))

from (9)

=

√
3

2

(

1 − 2

√

x2 +
1

8

)

(10)

To find A, we integrate y in terms of x along the bottom of the
deltoid. First we have to find the bounds for the integration; we only
know that we are moving from ‖~v‖ = 1 to ‖~v‖ = 1

2
. x can be found

by substituting these values of ‖~v‖ into (7), which gives us the bounds
−1

8
≤ x ≤ 1

8
. Also note the following integration rule, which will be

used but not proved here:

∫ u

t

√

x2 + a2dx =

[

x
√

x2 + a2

2
+

a2

2
ln
(

x +
√

x2 + a2

)

]x=u

x=t

(11)
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Now we integrate.

A =

∫ 1

8

− 1

8

ydx =

√
3

2

[

∫ 1

8

− 1

8

1dx −
∫ 1

8

− 1

8

2

√

x2 +
1

8
dx

]

from (10)

=

√
3

2

[

x − x

√

x2 +
1

8
− 1

8
ln

(

x +

√

x2 +
1

8

)]
1

8

− 1

8

from (11)

=

√
3

2

(

1

4
− 3

32
− 1

8
ln

1

2
+

1

8
ln

1

4

)

=

√
3

2

(

5

32
+

1

8
ln 2 − 1

4
ln 2

)

=

√
3

2

(

5

32
− 1

8
ln 2

)

(12)

And now the final solution. The ratio of the area of the deltoid to the
area of the triangle is:

C

T
= 1 − 4

√
3(A + B) from (4)

= 1 − 4
√

3

(√
3

2

(

5

32
− 1

8
ln 2

)

+
3
√

3

64

)

from (12) and (5)

= 1 − 15

16
+

3

4
ln 2 − 9

16

=
3

4
ln 2 − 1

2
�
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